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F totally real number field.
π1 π2 π3 cuspidal automorphic representations GL2(F ) of weight
and central character (k1, χ1) (k2, χ2) (k3, χ3) respectivelly.
χ1χ2χ3 = 1

Triple product L-function: L(π1 ⊗ π2 ⊗ π3, s). Functional equation

L(π1 ⊗ π2 ⊗ π3, 1− s) = ε(π1 ⊗ π2 ⊗ π3)L(π1 ⊗ π2 ⊗ π3, s)

ε(π1 ⊗ π2 ⊗ π3) =
∏

v εv (π1 ⊗ π2 ⊗ π3) = ±1.

Central points: L(π1 ⊗ π2 ⊗ π3, 1/2). Rational if we divide by
certain periods.

IDEA: p-adically interpolate L(π1 ⊗ π2 ⊗ π3, 12), when (k1, χ1)
(k2, χ2) (k3, χ3) vary p-adically.

Santiago Mollina



Triple product L-functions
Definite setting over Q

Indefinite setting

F totally real number field.
π1 π2 π3 cuspidal automorphic representations GL2(F ) of weight
and central character (k1, χ1) (k2, χ2) (k3, χ3) respectivelly.
χ1χ2χ3 = 1

Triple product L-function: L(π1 ⊗ π2 ⊗ π3, s). Functional equation

L(π1 ⊗ π2 ⊗ π3, 1− s) = ε(π1 ⊗ π2 ⊗ π3)L(π1 ⊗ π2 ⊗ π3, s)

ε(π1 ⊗ π2 ⊗ π3) =
∏

v εv (π1 ⊗ π2 ⊗ π3) = ±1.

Central points: L(π1 ⊗ π2 ⊗ π3, 1/2). Rational if we divide by
certain periods.

IDEA: p-adically interpolate L(π1 ⊗ π2 ⊗ π3, 12), when (k1, χ1)
(k2, χ2) (k3, χ3) vary p-adically.

Santiago Mollina



Triple product L-functions
Definite setting over Q

Indefinite setting

F totally real number field.
π1 π2 π3 cuspidal automorphic representations GL2(F ) of weight
and central character (k1, χ1) (k2, χ2) (k3, χ3) respectivelly.
χ1χ2χ3 = 1

Triple product L-function: L(π1 ⊗ π2 ⊗ π3, s). Functional equation

L(π1 ⊗ π2 ⊗ π3, 1− s) = ε(π1 ⊗ π2 ⊗ π3)L(π1 ⊗ π2 ⊗ π3, s)

ε(π1 ⊗ π2 ⊗ π3) =
∏

v εv (π1 ⊗ π2 ⊗ π3) = ±1.

Central points: L(π1 ⊗ π2 ⊗ π3, 1/2). Rational if we divide by
certain periods.

IDEA: p-adically interpolate L(π1 ⊗ π2 ⊗ π3, 12), when (k1, χ1)
(k2, χ2) (k3, χ3) vary p-adically.

Santiago Mollina



Triple product L-functions
Definite setting over Q

Indefinite setting

F totally real number field.
π1 π2 π3 cuspidal automorphic representations GL2(F ) of weight
and central character (k1, χ1) (k2, χ2) (k3, χ3) respectivelly.
χ1χ2χ3 = 1

Triple product L-function: L(π1 ⊗ π2 ⊗ π3, s). Functional equation

L(π1 ⊗ π2 ⊗ π3, 1− s) = ε(π1 ⊗ π2 ⊗ π3)L(π1 ⊗ π2 ⊗ π3, s)

ε(π1 ⊗ π2 ⊗ π3) =
∏

v εv (π1 ⊗ π2 ⊗ π3) = ±1.

Central points: L(π1 ⊗ π2 ⊗ π3, 1/2). Rational if we divide by
certain periods.

IDEA: p-adically interpolate L(π1 ⊗ π2 ⊗ π3, 12), when (k1, χ1)
(k2, χ2) (k3, χ3) vary p-adically.

Santiago Mollina



Triple product L-functions
Definite setting over Q

Indefinite setting

Ichino’s formula

G multiplicative B/F , πi
JL Jacquet-Langlands of πi , φi ∈ πi

JL(∫
G(F ) A× \G(A) φ

1(g)φ2(g)φ3(g)dg
)2

= L(π1 ⊗ π2 ⊗ π3, 12 )
∏

v αv (φ1v , φ2v , φ3v ).

idea: Interpolate
(∫

G(F ) A× \G(A) φ
1(g)φ2(g)φ3(g)dg

)2
.

FACT:

αv (π1v , π2v , π3v ) = 0⇔ εv (π1 ⊗ π2 ⊗ π3) = −1⇔ αv (π1JL,v , π
2
JL,v , π

3
JL,v ) 6= 0

If ε(π1 ⊗ π2 ⊗ π3) = 1, we have to choose B/F ramified at
S = {v , εv (π1 ⊗ π2 ⊗ π3) = −1}.

Our setting "indefinite", ∞\ S = τ .
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Modular forms

Assume [F : Q] = 2; τ, σ : F ↪→ R; k = (kτ , kσ) ∈ Z2.

Since πτ = D(kτ ) = 〈fkτ 〉 and πσ = D(kσ),

πJL
σ = Symkσ−2(C2)

Modular form weight k;

ϕ ∈ HomG(R)(D(kτ )× Symkσ−2(C2),A)

where A is the space of automorphic forms of G .

f = ϕ(fkτ )
fkτ

: H× G(Af )→ Symkσ−2(C2)∨,

f (γz , γg) = (cz + d)kτγf (z , g),

for γ ∈ G(F )
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Local signs at places at ∞

k1, k2, k3 ∈ Z, v | ∞. Since χ1χ2χ3 = 1,
k1 + k2 + k3 EVEN

εv (D(k1),D(k2),D(k3)) = −1 iff k1, k2, k3 balanced

kr < ks + kt ,

(kr − 2) ≤ (ks − 2) + (kt − 2)

∀r , s, t.

D(ki )JL = Symki−2(C2),

αv (Symk1−2(C2), Symk2−2(C2),Symk3−2(C2))?

εv (D(k1),D(k2),D(k3)) = 1 iff k1, k2, k3 unbalanced

k1 ≥ k2 + k3, or k2 ≥ k1 + k3, or k3 ≥ k1 + k2.

αv (D(k1),D(k2),D(k3))?
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Trilinear forms

Symk(C2)∨ ' Symk(C2), µ 7−→ Pµ(X , Y ) = µ

(∣∣∣ X Y
x y

∣∣∣k) .

αv : Symk1(C2)∨ ⊗ Symk2(C2)∨ ⊗ Symk3(C2)∨ → C;
µ1 ⊗ µ2 ⊗ µ3 7−→ µ1µ2µ3(∆(k1, k2, k3))

∆(k1, k2, k3) =
∣∣∣ X2 Y2

X3 Y3

∣∣∣ k2+k3−k1
2

∣∣∣ X1 Y1
X3 Y3

∣∣∣ k1+k3−k2
2

∣∣∣ X2 Y2
X1 Y1

∣∣∣ k2+k1−k3
2

iff kr ≤ ks + kt , ∀r , s, t
αv : Symk1(C2)⊗ Symk2(C2)→ Symk3(C2) (k∗3 = k1+k2−k3

2 ≥ 0)

P1 ⊗ P2 7−→
∑k∗

3
n=0
(k∗

3
n
)
(−1)n ∂

k∗
3 P1

∂X k∗
3 −n

∂Y n
∂

k∗
3 P2

∂Xn∂Y k∗
3 −n

αv : D(k1)⊗ D(k2)→ D(k3) (k∗3 = k1+k2−k3
2 ≤ 0)

f1 ⊗ f2 7−→
∑−k∗

3
n=0 (−1)n(−k∗

3
n
)( N−2

k1+n−1
)
δn

k1(f1)δ−k∗
3 −n

k2 (f2)

δk Shimura-Mass operator.

Santiago Mollina
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Assume F = Q, ϕi ∈ HomG(R)(Symki (C2),A),∫
G(F )\G(A)

ϕ1ϕ2ϕ3(∆(k1, k2, k3))(g)dg= C · L(π1 ⊗ π2 ⊗ π3, 12 )

STRATEGY:
Let k : Z∗p → R locally analytic character (universal?)
Let Ak(W ) locally analytic functions F : W ⊂ Z2

p → R

F (tx) = k(t)F (x), x ∈W , t ∈ Z∗p .

Let Dk(W ) continuous dual of Ak(W ).
Families, fi : G(Af )→ Dk(W ), i = 1, 2, 3
p-adic L-function

Lp(f1, f2, f3) =
∑

g∈G(F )\G(Af )/U cg f1(g)f2(g)f3(g)(∆(k1, k2, k3))
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Modular forms as sections

Again [F : Q] = 2. Assume p inert in F ; τ, σ : Op ↪→ Cp.

Shimura curve XU/F , XU(C) = G(F )\ (H× G(Af )/U)

G = (G1 ⊂ · · · ⊂ Gn ⊂ · · · ), Gn =
(
XU(pn) × (p−nO/O)⊕2

)
/(U(pn)/U)

Define the following sheaves:
ω sheaf of differentials of G .
H = Hτ ⊕Hσ Dieudonne crystal of G .
Hodge exact sequence 0→ ω → Hτ → ω• → 0.
Gauss-Manin connection 5 : Hτ → Hτ ⊗ Ω1

XU
.

Modular forms of weight (kτ , kσ):

f : H×G(Af ) −→ Symkσ(C2)∨, f (γz , γg) = (cz +d)kτγf (z , g),
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k r
σ + ks

σ ≤ kt
σ, ∀r , s, t

tσ : Symk1
σHσ × Symk2

σHσ −→ Symk3
σHσ

k1
τ + k2

τ ≥ k3
τ , tτ : ωk1

τ × ωk2
τ → ωk3

τ ,

(s1, s2) 7−→
∑−(k3

τ )∗

n=0 (−1)n(−(k3
τ )∗

n
)( N−2

k1
τ +n−1

)
δn

k1
τ

(s1)δ−(k3
τ )∗−n

k2
τ

(s2)

δk Gauss-Manin connection.
t = (tτ , τσ),

Γ(XU , ω
k1

τ ⊗ Symk1
σHσ)× Γ(XU , ω

k2
τ ⊗ Symk2

σHσ)→ Γ(XU , ω
k3

τ ⊗ Symk3
σHσ)

Ichino’s formula: fi ∈ Γ(XU , ω
k i
τ ⊗ Symk i

σHσ)

〈t(f1, f2), f3〉 = C · L(π1 ⊗ π2 ⊗ π3, 1/2)
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Strategy for the triple product p-adic L-function

(ki
τ , ki

σ) : O∗p → R loc. analytic characters (universal?) i = 1, 2, 3

Define ωki
τ interpolating ωk i

τ (Brasca)

Interpolate Symk i
σHσ by certain sheaf Wki

σ
.

Families fi ∈ Γ(X(r), ωki
τ ×Wki

σ
)

Define
tτ : ωk1τ × ωk2τ −→ ωk3τ

interpolating tτ (interpolation Gauss-Manin connection)
Define

tσ : Wk1σ ×Wk2σ −→Wk3σ

interpolation tσ (a la Greenberg-Seveso)
t = (tτ , tσ)

Lp(f1, f2, f3) = 〈t(f1, f2), f3〉
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