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Triple product L-functions

F totally real number field.
7t 72 w3 cuspidal automorphic representations GLy(F) of weight

and central character (ki, x1) (k2, x2) (k3, x3) respectivelly.
x1x2x3 = 1
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Triple product L-functions

F totally real number field.
7t 72 w3 cuspidal automorphic representations GLy(F) of weight
and central character (ki, x1) (k2, x2) (k3, x3) respectivelly.

X1Xx2x3 =1

Triple product L-function: L(m! ® 7® ® 73, s). Functional equation
L(rler?er31-s)=¢(r @m?@r)l(r! @ ®n3,s)
e(rtem?erd)=1],e(r @ @) = £1.

Central points: L(7! ® 72 ® ©3,1/2). Rational if we divide by
certain periods.
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Triple product L-functions

F totally real number field.

7t 72 w3 cuspidal automorphic representations GLy(F) of weight

and central character (ki, x1) (k2, x2) (k3, x3) respectivelly.
x1x2x3 = 1

Triple product L-function: L(m! ® 7® ® 73, s). Functional equation
L(rler?er31-s)=¢(r @m?@r)l(r! @ ®n3,s)
e(rtem?erd)=1],e(r @ @) = £1.

Central points: L(7! ® 72 ® ©3,1/2). Rational if we divide by
certain periods.

IDEA: p-adically interpolate L(7r:l Q1 @ w3, %) when (ki, x1)
(Q, X2) (ﬁ7 X3) vary p-adically.
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Triple product L-functions

Ichino’'s formula

G multiplicative B/F, 7', Jacquet-Langlands of 7/, ¢' € 7/
2
(IG(F)A.>< \G(A) ¢1(g)¢2(g)¢3(g)dg> = L(Wl @M ® 71'3, %) Hv ay( ia 37 ¢>§)

idea: Interpolate (fG(F)AX w6 ¢1(g)¢2(g)¢3(g)dg)2.
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G multiplicative B/F, 7', Jacquet-Langlands of 7/, ¢' € 7/
2
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Ichino’'s formula

G multiplicative B/F, 7', Jacquet-Langlands of 7/, ¢' € 7/
2
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Triple product L-functions

Ichino’'s formula

G multiplicative B/F, 7', Jacquet-Langlands of 7/, ¢' € 7/
2
(IG(F)A.>< \G(A) ¢1(g)¢2(g)¢3(g)dg> = L(Wl @M ® 71'3, %) Hv ay( ia 37 ¢>§)

2
idea: Interpolate (fG(F)AX \6(h) ¢1(g)¢2(g)¢3(g)dg) .
FACT:
aV(ﬂ-\}?ﬂ%’ 7‘-3) =0«< €V(7T1 ® 7T2 ® 7T'3) =-l< Oé‘/(ﬂ-.llL,v’ 7T.%L.,v’ 7TiL,v) 7& 0

If e(m! @ 72 @ 73) = 1, we have to choose B/F ramified at
S={v,e(rter?er)=—1}

Our setting "indefinite", co \ S = 7.
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Triple product L-functions

Modular forms

Assume [F: Q] =2; 71,0:F < R; K:(kf,kg)EZz.

Santiago Mollina



Triple product L-functions

Modular forms

Assume [F: Q] =2; 7,0:F = R; k= (k. ky) € Z°
Since m; = D(k;) = (fx.) and 7, = D(k,),

7er = Symk" -2 ((C2)
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Triple product L-functions

Modular forms

Assume [F: Q] =2; 7,0:F = R; k= (k. ky) € Z°
Since m; = D(k;) = (fx.) and 7, = D(k,),
rik = Symbr2(C?)
Modular form weight k;
¢ € Homgg)(D(k;) x Sym* ~2(C?), A)

where A is the space of automorphic forms of G.
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Triple product L-functions

Modular forms

Assume [F:Q]=2; 7,0:F = R; k= (k- k;) € 72,
Since m; = D(k;) = (fx.) and 7, = D(k,),
rik = Symbr2(C?)
Modular form weight k;
¢ € Homgg)(D(k;) x Sym* ~2(C?), A)

where A is the space of automorphic forms of G.

F= #e) - 55 x G(Ar) - Symbr2(C),

f(vz,78) = (cz+ d)"+f(z,g),

for v € G(F)

Santiago Mollina



Triple product L-functions

Local signs at places at oo

ki, ko, ks € Z, v | 0o. Since x1x2x3 =1,
/(1 —+ kz + /(3 EVEN
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Triple product L-functions

Local signs at places at oo

ki, ko, ks € Z, v | 0o. Since x1x2x3 =1,
/(1 —+ kz + /(3 EVEN

(*] EV(D(kl), D(/Q), D(k3)) = —1iff kl, k2, k3 balanced

kr<ks+kt7 Vr,s,t.

ay (Sym*7%(C?), Sym*e~3(C?), Sym**~3(C?))?
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Triple product L-functions

Local signs at places at oo

ki, ko, ks € Z, v | 0o. Since x1x2x3 =1,
/(1 —+ kz + /(3 EVEN

(*] EV(D(kl), D(/Q), D(k3)) = —1iff kl, k2, k3 balanced

(kr —2) < (ks — 2) + (ke — 2), Vr,s, t.

ay (Sym*7%(C?), Sym* e ~3(C?), Sym**~3(C?))?

o EV(D(kl), D(kz), D(k3)) =1 iff kl, k2, k3 unbalanced
ki > ko + k3, or ko > ki + k3, or k3 > ki + k.
av(D(k1), D(ko), D(k3))?
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Triple product L-functions

Trilinear forms

X Y
X y

o Sym*(C?)V ~ Sym*(C?), p+— rux,v)=u <

® «, : Sym"(C?)Y ® Sym™(C?)" @ Sym*(C?)Y — C;
11 ® pio @ piz > pripopa(A(ke, ke, k3))
ko+k3 —kq k1+k3—ko ko+ky —k3

2 X1 v
X3 Y3

X2 Y2
X3 Y3

A(kh k27 k3) =

iff k, < ks + ke, Vr, s, t
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Triple product L-functions

Trilinear forms

X Y
X y

o Sym*(C?)V ~ Sym*(C?), p+— rux,v)=u <

® «, : Sym"(C?)Y ® Sym™(C?)" @ Sym*(C?)Y — C;
11 ® pio @ piz > pripopa(A(ke, ke, k3))
ko+k3 —kq k1+k3—ko ko+ky —k3

2 X1 v 2 X2 Y
X3 Y3 X1 n

X2 Y2
X3 Y3

ifF k, < ke + ke, Vs, t
® a, : SymM(C?) ® Sym™(C?) — Sym™(C?) (ki = % >0)

A(kh k27 k3) =

K K k¥ 59
P1®Py— 3 02, (3)(—1)"8X?;ifgw ax?;yii*—n
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Triple product L-functions

Trilinear forms

X Y
X y

o Sym*(C?)V ~ Sym*(C?), p+— rux,v)=u <

® «a, : SymM(C?)Y @ Sym*(C?)" @ Sym*(C?)Y — C;
11 ® pio @ piz > pripopa(A(ke, ke, k3))
ko+k3 —kq k1+k3—ko ko+ky —k3

2 X1 v 2 X2 Y,
X3 Y3 X1 n

X2 Y2
X3 Y3

A(kh k27 k3) =

ifF k, < ke + ke, Vs, t
® a, : SymM(C?) ® Sym™(C?) — Sym™(C?) (ki = % >0)

PL& Py T, () (1) e

ax's ~"gyn axray's "

0 a,: D(k)® D(ks) — D(k3) (ki = ktle=k < ()

f®h— 3,051 (8) (N2 )08 ()85 T (R)

0k Shimura-Mass operator.
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Definite setting over Q

Assume F =Q, ¢; € HOmG(R)(SymkI(Cz)vA)v

/ 10203(A(k1, ko, k3))(g)dg= C - L(m1 @ mp @ m3, 1)
G(F)\G(A)
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Definite setting over Q

Assume F =Q, ¢; € HOmG(R)(SymkI(Cz)vA)v

/ P10203(A ki, ko, k3))(g)dg= C - L(m @ m2 ® 73, 3)
G(F\G(Af)
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Definite setting over Q

Assume F = Q, f; : G(Af) — Symk,-((c2)v,

/G(F)\G(Af)
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Definite setting over Q

Assume F = Q, f; : G(Af) — Symk,-((c2)v,

Y Gh@r@)A(E)(Ak. k. k)= C- Lim © m @ 15, 3)
gEG(FI\G(Af)/U
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Definite setting over Q

Assume F = Q, f; : G(Af) — Symk,-((c2)v,

> cef1(8)f(8)f(8)(A(k, ko, ks))= C - L(m @ T2 @ 73, 5)
gEG(F)\G(Af)/U

STRATEGY:
o Let k: Z, — R locally analytic character (universal?)
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Definite setting over Q

Assume F = Q, f; : G(Af) — Symk,-((c2)v,

> cef1(8)f(8)f(8)(A(k, ko, ks))= C - L(m @ T2 @ 73, 5)
gEG(F)\G(Af)/U

STRATEGY:
o Let k: Z, — R locally analytic character (universal?)
o Let Ay (W) locally analytic functions F: W C Z3 — R

F(tx) = k(F(x), xeW, teZs.

o Let Dy (W) continuous dual of Ax(W).
o Families, f; : G(Af) = D(W), i=1,2,3

@ p-adic L-function
Lp(flv f2a f3) = deG(F)\G(AF)/U Cgfl(g)f2(g)f3(g)(A(klv k27 k3))
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Indefinite setting

Modular forms as sections

Again [F : Q] = 2. Assume p inertin F; 7,0 : Op — C,.

Shimura curve Xy/F, Xy(C) = G(F)\ (9 x G(Af)/U)
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Indefinite setting

Modular forms as sections

Again [F : Q] = 2. Assume p inertin F; 7,0 : Op — C,.

Shimura curve Xy/F, Xy(C) = G(F)\ (9 x G(Af)/U)
NO UNIVERSAL A.V.
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Modular forms as sections

Again [F : Q] = 2. Assume p inertin F; 7,0 : Op — C,.

Shimura curve Xy/F, Xy(C) = G(F)\ (9 x G(Af)/U)
"Universal" p-divisible group (Carayol)

G=(GC-CGC--),  Gy=(Xypm x (p~"0O/O)?2) /(U(p")/U)
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Modular forms as sections

Again [F : Q] = 2. Assume p inertin F; 7,0 : Op — C,.

Shimura curve Xy/F, Xy(C) = G(F)\ (9 x G(Af)/U)
"Universal" p-divisible group (Carayol)
G=(GC---CG,C---), Gn = (Xun x (p7"0/0)#2) /(U(p™)/U)

Define the following sheaves:
@ w sheaf of differentials of G.
e H =H, ® H, Dieudonne crystal of G.
@ Hodge exact sequence 0 - w — H, — w*® — 0.
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Modular forms as sections

Again [F : Q] = 2. Assume p inertin F; 7,0 : Op — C,.

Shimura curve Xy/F, Xy(C) = G(F)\ (9 x G(Af)/U)
"Universal" p-divisible group (Carayol)

G=(GC-CGC--),  Gy=(Xypm x (p~"0O/O)?2) /(U(p")/U)

Define the following sheaves:
@ w sheaf of differentials of G.
e H =H, ® H, Dieudonne crystal of G.
o Hodge exact sequence 0 - w — H, — w® — 0.
@ Gauss-Manin connection 7 : H; — H: ® Q}QJ.
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Indefinite setting

Modular forms as sections

Again [F : Q] = 2. Assume p inertin F; 7,0 : Op — C,.

Shimura curve Xy/F, Xy(C) = G(F)\ (9 x G(Af)/U)
"Universal" p-divisible group (Carayol)

G=(GC-CGC--),  Gy=(Xypm x (p~"0O/O)?2) /(U(p")/U)

Define the following sheaves:
@ w sheaf of differentials of G.
e H =H, ® H, Dieudonne crystal of G.
o Hodge exact sequence 0 - w — H, — w® — 0.
@ Gauss-Manin connection 7 : H; — H: ® Q}QJ.
Modular forms of weight (k;, ks ):

f:HxG(Ar) — Sym* (C?)Y, f(yz,7g) = (cz+d)"vf(z,g),
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Indefinite setting

Modular forms as sections

Again [F : Q] = 2. Assume p inertin F; 7,0 : Op — C,.

Shimura curve Xy/F, Xy(C) = G(F)\ (9 x G(Af)/U)
"Universal" p-divisible group (Carayol)

G=(GC-CGC--),  Gy=(Xypm x (p~"0O/O)?2) /(U(p")/U)

Define the following sheaves:
@ w sheaf of differentials of G.
e H =H, ® H, Dieudonne crystal of G.
o Hodge exact sequence 0 - w — H, — w® — 0.
@ Gauss-Manin connection 7 : H; — H: ® Q}QJ.
Modular forms of weight (k;, ks ):

f € I(Xy,w" ® Sym* (H,))
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Indefinite setting

o kI + k5 < kt, Vr,s, t

1 2
t, : Sym*H, x Sym o H, — Symkg?-[g
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Indefinite setting

o kI + k5 < kt, Vr,s, t

t, : Symké’HU X Symkcz"z’-[g — Symkg?-[g

1 2 3
o kI k2> k3, t,: whkt x wkr — Wk

—(K3)* n(—(k3)* — n —(k3)*—n
(s1052) — 007 (1) (T4 (N2 )00 (510 T (s2)

0, Gauss-Manin connection.
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Indefinite setting

o kI + k5 < kt, Vr,s, t

. Symké’HU X Symkcz"z’-[g — Symkg?-[g

1 2 3
o kI k2> k3, t,: whkt x wkr — Wk

Ky* —(K3)* - n —(K2)*—n
(51.92) — S8 (~1)n (7 )(kﬁnil)ékl(sﬂék; ()
0, Gauss-Manin connection.
t = (tr, 75),

[(Xy, " @ Sym e H,) x [(Xy, " @ Sym = H,) — I(Xy,wk @ Sym*#,,)
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Indefinite setting

o kI + k5 < kt, Vr,s, t

t, : Symké’HU X Symkcz"z’-[g — Symkg?-[g

1 2 3
o kI k2> k3, t,: whkt x wkr — Wk

(s1:52) = S5 (07O (2 ) ()0 ()
0, Gauss-Manin connection.
t=(t-,75),
[(Xu,wkr @ Sym* H,,) x [(Xy,wk* @ Sym* H,) — [(Xy,wk @ Sym*H,,)
Ichino’s formula: £ € M(Xy,wk Symkéﬂa)
(t(fA, h),B)=C-Lrt@r? @73 1/2)
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Indefinite setting

Strategy for the triple product p-adic L-function

(k'+,k's) : O3 — R loc. analytic characters (universal?) i =1,2,3

o Define w*" interpolating wk (Brasca)
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(k'+,k's) : O3 — R loc. analytic characters (universal?) i =1,2,3

o Define w*" interpolating wk (Brasca)
@ Interpolate Symkfif?'-[g by certain sheaf Wy .
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Santiago Mollina



Indefinite setting

Strategy for the triple product p-adic L-function

(k'+,k's) : O3 — R loc. analytic characters (universal?) i =1,2,3

o Define w*" interpolating wk (Brasca)

Interpolate Symkfif?'-[g by certain sheaf Wy .
Families f; € T(X(r),wk" x Wi )
Define

kl k

2 3
tT:wawT—Mukf

interpolating t, (interpolation Gauss-Manin connection)

Santiago Mollina



Indefinite setting

Strategy for the triple product p-adic L-function

(k'+,k's) : O3 — R loc. analytic characters (universal?) i =1,2,3

Define w*r interpolating w** (Brasca)
Interpolate Symkfif’HU by certain sheaf Wy .
Families f; € T(X(r),wk" x Wi )

Define

kl k

2 3
tT:wawT—Mukf

interpolating t, (interpolation Gauss-Manin connection)

Define
t,: V\thl7 X Wk% — V\\jl(?7

interpolation t, (a la Greenberg-Seveso)
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Indefinite setting

Strategy for the triple product p-adic L-function

(k'+,k's) : O3 — R loc. analytic characters (universal?) i =1,2,3

Define w*r interpolating w** (Brasca)
Interpolate Symkfif’HU by certain sheaf Wy .
Families f; € T(X(r),wk" x Wi )

Define

kl k2
tr W™ Xw™ —w

k2
interpolating t, (interpolation Gauss-Manin connection)
Define

t,: V\thl7 X Wk% — V\\jl(?7

interpolation t, (a la Greenberg-Seveso)

t= (tTvtO')
LP(f17f27f3) = <t(f17f2)7f3>
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